We perform a refined count of BPS states in the compactification of Mtheory on K3 × T 2 , keeping track of the information provided by both the SU (2) L and SU (2) R angular momenta in the SO(4) little group. Mathematically, this four variable counting function may be expressed via the motivic Donaldson-Thomas counts of K3 × T 2 , simultaneously refining Katz, Klemm, and Pandharipande's motivic stable pairs counts on K3 and Oberdieck-Pandharipande's Gromov-Witten counts on K3 × T 2 . This provides the first full answer for motivic curve counts of a compact Calabi-Yau threefold. Along the way, we develop a Hodge-elliptic genus for Calabi-Yau manifolds -a new counting function for BPS states that interpolates between the Hodge polynomial and the elliptic genus of a Calabi-Yau.
Introduction and summary
This paper is motivated by natural enumerative questions in physics and mathematics, related to degeneracies of rotating black holes on the one hand, and enumerative geometry of Calabi-Yau manifolds and allied questions in geometry and number theory on the other. Therefore, we will provide a brief introduction to both the physical and mathematical problems of interest.
Entropy counts
Understanding exact counts of BPS states in string vacua has been an ongoing project of significant interest for the past twenty years. As one primary application, computing protected indices and increasing the string coupling until the states collapse into black holes is the predominant approach for obtaining microscopic accounts of black hole entropy. The first work in this direction was that of Strominger and Vafa [1] counting BPS states in type IIB string theory on K3 × S 1 (or, equivalently, M-theory on K3 × T 2 ). Since then, much effort has been devoted to refining these counts, often in the related four-dimensional string vacuum given by compactifying type IIA or IIB string theory on K3 × T 2 (for reviews, see [2, 3] ); the counts of BPS states in the 4d and 5d theories are related via the 4d-5d lift, as explained in [4] . In such 4d N = 4 theories, we have two classes of BPS states -those that preserve half of the supersymmetry, and those preserving only a quarter. The 1/2-BPS states may be assumed to carry only electric charge in a suitable U-duality frame, whereas the 1/4-BPS states are dyons, carrying both electric and magnetic charges. As such, an unflavored count of 1/2-BPS states should depend on only one quantum number, namely the single charge, while the count for 1/4-BPS states takes slightly more care. The electric and magnetic charges Q e and Q m in the charge lattice transform under the action of the U-duality group, and there are precisely three U-duality invariant combinations, namely Q e · Q e , Q e · Q m , and Q m · Q m . So, an accounting of the 1/4-BPS states (without flavoring by any other information) should be a generating function in three variables. A precise form for this function was first proposed by Dijkgraaf-Verlinde-Verlinde (DVV) in [5] . We will review the formulae for the 1/2-BPS and 1/4-BPS counts in the next section.
While the existing story of 1/4-BPS counts therefore involves a partition function tracking three gradings, from at least two perspectives it seems that a fourvariable function would be more natural. The first perspective is that of entropy counts. The little group of a massive particle is SO(4) ∼ SU(2) L × SU(2) R . In [6] , black hole solutions with two charges (Q F and Q H ) and two angular momenta (in two two-planes in R 4 ) are discussed. In the limit that K3 is small compared to the circle, the degeneracy of supersymmetric ground states can be computed in an effective string theory (wrapping the S 1 ). This theory has (4, 4) supersymmetry, and the angular momenta map to the left and right fermion number charges (i.e., quantum numbers under the U(1) R-symmetries embedded in the left/right SU(2) worldsheet R-symmetries guaranteed to exist by (4, 4) 
Counting supersymmetric solutions in space-time should be related to studying world-volume BPS states where the right-movers are kept in a Ramond ground state. The supersymmetric black holes constructed in supergravity have |J 1 | = |J 2 | = J, but it was already mentioned in [6] that from the effective string perspective, one can keep track of the F R quantum numbers of Ramond ground states for the right movers. So one should expect a more refined counting to allow independent tracking of the F R quantum number, and hence two angular momenta. It is this counting that we detail in this paper.
It is important to stress that, as noted in [6] , because the right-moving Ramond ground states have F R bounded by the central charge of the effective string, this additional quantum number can be viewed as small hair on top of the macroscopic supergravity quantum numbers. In fact, given a count of BPS states at some point in moduli space, only some of these will become microstates of a singlecenter black hole as one increases the string coupling. Others may be related to hair which dresses the horizon, to multi-center solutions, or even to solutions of distinct horizon topology. For basic calculations extracting black hole microstate counts from BPS state counts by subtracting counts of the hair, see [7, 8, 9] ; for a discussion of the fact that one has vanishing angular momentum for 4d black hole microstates, see [10] and references therein. In light of these developments, it is important to stress that our conjectural BPS counting function is a count of the full spectrum of BPS states, without considerations of hair versus black hole microstates.
There is also a second development in the literature that suggests the existence of a more general counting function. The black holes above generically have both Q F and Q H , but you may count the subsector of spinning black holes only charged under one; for example, only having Q F . This subsector corresponds in four dimensions to only counting the states with Q both Q 2 e and Q e · Q m charges). The generating function for degeneracies of such special spinning 5d black holes (with |J 1 | = |J 2 |) was computed by Katz, Klemm, and Vafa (KKV) in [12] (in the 4d picture, the angular momentum becomes Q e · Q m ). A refinement to account for the possibility of turning on |J 1 | = |J 2 | was described recently by Katz, Klemm and Pandharipande (KKP) [13] . It gives rise to a three-variable generating function, but clearly describes black holes not carrying Q 2 m (or its 5d lift). From this perspective as well, it seems that there is a natural role for a more general function allowing Q 2 m = 0, but keeping the general angular momenta allowed by the KKP generating function. We will construct the four-variable generating function Φ which correctly reduces to both the DVV counting function when one turns off the second angular momentum quantum number, and the KKP counting function when one turns off Q 2 m .
Mathematical questions
These counts have also been of interest mathematically in the curve-counting literature. Depending on the particular U-duality frame one chooses, it can be more natural to interpret them in terms of Gromov-Witten invariants arising from the topological string, Gopakumar-Vafa invariants, or Donaldson-Thomas invariants. The connections between these invariants are described in detail in [11, 14, 15] in the physics literature, and in [16] in the mathematics literature. All of the BPS state counts above have interpretations in one or more of these frames and therefore lend themselves to mathematical interpretation. The original 1/2-BPS state count may be interpreted as the genus 0 Gromov-Witten theory of K3, as formulated in Yau-Zaslow [17] and proven in [18] . The partially flavored KKV count of spinning black holes corresponds to turning on a chemical potential tracking the source genus in the topological string; interpreted as the full Gromov-Witten theory of K3, this statement is discussed and proven in work of PandharipandeThomas [19] . More recently, the 1/4-BPS state counts of K3×T 2 were interpreted as a precise mathematical conjecture in terms of Gromov-Witten invariants in [20] and discussed further in terms of Donaldson-Thomas invariants in [21] . Refining further corresponds to considering motivic invariants in the sense of [22] ; indeed, the connection between flavoring with respect to a little group spin and considering the motivic lift of Donaldson-Thomas invariants is explained via wall-crossing in Dimofte-Gukov [23] . It follows that the geometric interpretation of the KKP counting function is as the full motivic generating function for K3. This leaves open the question of the full motivic curve counts for K3 × T 2 (though some comments appear in the final section of [20] ). The four-variable function Φ we compute here constitutes a physically motivated proposal for these counts.
A perhaps surprising feature of these counting functions (sometimes explained through S-duality, which itself is poorly understood) is that they are related to automorphic functions. It is not difficult to see that the unflavored 1/2-BPS count is modular for the usual modular group SL(2, Z); it is more interesting that the KKV and KKP counts are Jacobi and multivariable Jacobi forms, respectively. That the 1/4-BPS state count -which yields the Igusa cusp form -is automorphic for the group Sp(4, Z) or O(2, 3, Z) is still more surprising, and many attempts have been made to explain this curious automorphy, notably including [24] and [25] . We offer no new interpretations of the automorphy of the BPS state counts in this paper, merely noting that the 1/4-BPS state counts very often seem to be a lift of the 1/2-BPS state counts in a precise mathematical sense; this holds not just for K3 × T 2 compactification, but for a wide variety of 4d N = 4 supersymmetric models obtained as so-called CHL strings (which involve quotients of K3 × T 2 by a Nikulin involution on K3 and a shift on the torus) [26] . A suitable version of our function Φ appears to be automorphic for O(2, 4, Z), which again requires physical explanation; we will not make further comment on this curious automorphy here.
There is also a connection to wall-crossing phenomena. The refined BPS counts jump as we move in the moduli space of our theory, undergoing wallcrossing transformations (as discussed for example in [22] or [23] ). In fact, the wall-crossing for the dyon counting function of DVV was carefully investigated in [27] to establish the validity of the formula not just in one chamber of moduli space but throughout all of moduli space. It likely will be interesting to carry out the same analysis for our refined count Φ to match the wall-crossing for the refined BPS index on the one hand with the mathematical jumping of the coefficients in our (conjecturally) automorphic function Φ as we cross walls on its domain.
A final connection of mathematical interest is to moonshine. Some numerical coincidences suggested to the authors of [13] that their invariants may exhibit an analogue of Mathieu moonshine [28] . This story was developed in [29] , where the KKP invariants were re-expressed as traces in a moonshine module for Conway's largest sporadic group. Our further refined function Φ should also naturally be expected to play a role in moonshine; we leave this connection for future work.
The plan of the paper is as follows. In the next section, we review the known formulae for BPS state counts before going on to state an analogous formula for our refined state-counting function Φ. In section 3, we define the Hodge-elliptic genus. Section 4 proposes a formula for the refined counting function Φ in terms of the Hodge-elliptic genus, by considering the D1-D5 system in type IIB string theory and applying an argument following the strategy of Dijkgraaf, Moore, Verlinde, and Verlinde (DMVV) [30] . Finally, section 5 has a discussion of the interpretation of these results in the type IIA D0-D2-D6 frame; mathematicians will likely be most interested in this section.
Statements of BPS state and black hole counts
We recall in this section many of the counts previously computed. First, if we denote by c n the number of 1/2-BPS states with charge squaring to 2n − 2, we may easily compute the generating function
for example by working in the dual frame given by heterotic string theory compactified on T 6 . Here, the 1/2-BPS states are ground states on the right and hence simply given by excitations of the 24 left-moving bosonic oscillators [31] . One may hence easily compute
where q = e 2πiτ and the η function is given by
Starting to flavor by the angular momenta, we next have the KKV count, where we write the generating function in terms of c r n , the number of 1/2-BPS multiplets with SU(2) L representation labeled by spin r and charge whose square is 2n − 2; now, we write the generating function as
,
where we use the notation
We now have φ KKV a Jacobi form in terms of τ, z under the relations q = e 2πiτ , y = e 2πiz . In fact is the named Jacobi form
where the subscripts refer to the weight and index of the Jacobi form. Finally, the fully flavored count for states with Q H = 0, if we denote c r L ,r R n the number of representations now with spin r L under SU(2) L and r R under SU(2) R , is given by
where we have now also introduced u = e 2πiν and φ KKP is the multivariable Jacobi form given by
Moving to the 1/4-BPS state counts, if we denote by c n,ℓ,m the number of multiplets with charges satisfying
we have the generating function
.
We have now also introduced p = e 2πiσ and in fact Φ 10 (σ, z, τ ) is the (unique) Siegel cusp form of degree 2, weight 10, and full level. We have a similar producttype formula for this generating function, given by the following multiplicative lift:
Here, (n, m, ℓ) > 0 means n, m ≥ 0 and ℓ runs over all integers, with the caveat that if n = m = 0, then ℓ < 0. The c(m, ℓ) are the coefficients of the elliptic genus
with the elliptic genus being independently defined as
F L , F R are the left and right fermion numbers and L 0 ,L 0 are the left and right moving Hamiltonians, with the trace being taken over the entire Ramond-Ramond sector of the theory. Note however that due to the (−1) F R insertion, the trace localizes to the right Ramond ground states, as all other states pair up and annihilate in this index. This observation is crucial to the extension we define next. Note furthermore that just as the 1/4-BPS state count was a multiplicative lift of the elliptic genus in the sense that the coefficients of the elliptic genus appear as exponents in a product formula for the generating function, the 1/2-BPS state counts are also multiplicative lifts of simpler expressions, namely the (symmetrized) Euler characteristic, χ y genus, and Hodge polynomial of K3 respectively. Explicitly, these are given by
We will return to this observation in section 4 when we revisit the DMVV argument; for now, we simply comment that we will express the refined count of 1/4-BPS states in terms of a multiplicative lift of an interpolation between the Hodge polynomial and the elliptic genus, which we term the Hodge-elliptic genus.
The Hodge-elliptic genus
The definition is simple:
where now the trace is crucially taken over only those states whose right-moving part is a Ramond ground state. This definition makes it unclear that we have an index, i.e. that this quantity is invariant under deformation, and indeed, this quantity should jump in a prescribed semicontinuous fashion as we vary in moduli space for a general Calabi-Yau. In fact, it is manifest from the definition that wherever the (left) chiral algebra enhances as one moves in CFT moduli space, the formula will jump -at those points, extra states exist with no right-moving excitation. An index related to ours -roughly,
∂ν 2 Z HEG | ν=0 -was studied previously in [32] .
We can also propose a purely mathematical definition. Recall that the elliptic genus [33, 34, 35] 
Sym q n T * X .
Here we give the formula relevant for a general (0,2) supersymmetric CFT, whose specifying data includes a holomorphic bundle E on X, where we use the notation
for formal power series of bundles. Here r denotes the (complex) dimension of X and D the rank of the bundle E, while χ(X, −) denotes the holomorphic Euler characteristic for (formal power series of) holomorphic bundles
Following the same reasoning, we may upgrade the above formula to one for the Hodge-elliptic genus as follows:
Indeed, mathematicians may take this as a definition of the Hodge-elliptic genus in some level of generality.
As an example, it is easy to compute the Hodge-elliptic genus of an abelian variety starting from this expression: adopting the convention as usual that if the holomorphic bundle E is not specified, we take it to be the tangent bundle T X, the triviality of the tangent bundle of an abelian variety implies we are merely taking power series in the trivial bundle. In particular, the ranks of the cohomology of the trivial bundle do not depend on the complex moduli of our abelian variety by Hodge theory as
does not vary in complex moduli. As such, we may assume our abelian variety is a product of elliptic curves; just as with the elliptic genus, the Hodge-elliptic genus is multiplicative, allowing us to reduce to the case of an elliptic curve. Finally, we have for an elliptic curve E that
where we will use the notation
and the Jacobi theta function
where we denote
We hence easily have by the above reasoning that
where we just denote the dependence on the underlying manifold T 2r as we have already argued the complex structure of the r-dimensional abelian variety is irrelevant.
Returning to the case of K3, we may also argue from the expression in terms of cohomology ranks that the Hodge-elliptic genus is invariant under deformation of complex structure. Recall from Bochner's formula that global sections of powers of the tangent bundle of a Kahler-Einstein manifold are necessarily parallel tensor fields, i.e. invariant under parallel transport and hence determined by the invariance of the holonomy representation on the fibre at the identity; see for example [36] for an overview. As such, the rank of the global sections in the formula above are completely determined by linear algebra and hence obviously deformation-invariant; similarly, by Serre duality, the same argument applies to the ranks of the second cohomology groups and as the holomorphic Euler characteristics are necessarily invariant in flat families, the same must be true for the first cohomology ranks, showing that the Hodge-elliptic genus is in fact deformation-invariant for any Kahler-Einstein surface as expressed above.
It is important to note that the purely mathematical definition above follows from the trace definition in a CFT only for CFTs which describe large radius sigma models with target X. Away from large radius, as noted previously, the chiral algebra of the sigma model can be enhanced (on loci of proper codimension) by additional chiral currents. (These will always be of higher spin for compact Calabi-Yau targets, as such spaces admit no continuous isometries). This will lead to jumps in the trace definition of the genus; the mathematical definition only captures the strict large-volume limit. The jumps cancel in the limit that one takes u → 1 because the chiral currents come paired with superpartners that then cancel in the index; this recovers the constancy of the elliptic genus. Away from points with enhanced chiral algebra -i.e., at generic points in the moduli space of superconformal theories -the Hodge-elliptic genus will be constant on the moduli space.
We close by giving the result of a sample calculation. We choose a particularly simple point in moduli space -a Kummer orbifold point where K3 is considered as a resolution of T 4 by the inversion Z/2-action (and where the T 4 is a product of two square T 2 s with unit volume). Just as the elliptic genus of K3 may be expressed in terms of theta functions as [37] 
the Hodge-elliptic genus is now given as a sum over all four sectors of Z/2-periodicity conditions we may put on the torus (morphisms from its fundamental group to Z/2), as now the right-moving fermion zero-mode no longer causes the first contribution to cancel. In fact, we calculate
This is the value of the Hodge-elliptic genus for a particularly symmetric orbifold K3. A conjecture for the form of the genus for generic values of the K3 moduli, where there is no enhanced worldsheet chiral algebra, has been put forward by Katrin Wendland [38] . We return to the importance of Z HEG (K3) in the next section.
4 The D1-D5 system and symmetric powers
We now explain how to obtain the refined count of spinning BPS states from a lift of the Hodge-elliptic genus. First, we revisit the DMVV argument calculating the free energy of a gas of D1 branes dissolved inside a D5 wrapping K3 × S 1 in a IIB compactification, where the D1s wrap the auxiliary S 1 and are localized to points in the K3. As usual, ignoring the trivial dynamics of the six-dimensional U(1) gauge-theory from the worldvolume of the D5, the dynamics of this system with N D1s is given by a nonlinear sigma-model mapping to the orbifold symmetric power (K3) n modulo the symmetric group S n -action by permutation of the factors. We will denote this orbifold by Sym n K3 but mathematicians should be aware we mean the orbifold conformal field theory as opposed to the sigma-model of maps to this singular space itself; equivalently, by deforming in the Kahler moduli space to resolve singularities, we may consider the sigma-model to the crepant resolution Hilb n K3. As such, mathematicians may mentally substitute Hilb n K3 below for all mentions of Sym n K3. In any case, DMVV are able to argue that the unrefined BPS state count in five dimensions is given by
which they then compute via elegant arguments entailing how the string states in the orbifold CFTs arrange themselves into long strings in the original sigmamodel, allowing for immediate multiplicative lift formulas that apply not just to the elliptic genus but also to many other indices of manifolds. Indeed, by the same arguments, we have all of the following identities:
where we define the coefficients c(n, ℓ) via the expansion
The last formula in particular makes clear the nature of this multiplicative lift: we use the coefficients of the index on the original manifold K3 as exponents in the product representation for the generating function of the index over all symmetric powers; indeed, the above two formulas are special cases but also correspond to the simple observations χ(K3) = 24 and χ −y (K3) = 2y −1 + 20 + 2y, making clear where the exponents come from in the first two formulae. The reason that the automorphic representations on the right-hand side of the above product formulas require some correction factors in the numerator is due to the ranges of the parameters in the product of r > 0 and s ≥ 0; those correction factors disappear if we were to instead have products over r, s ≥ 0, as is the case if we count the four-dimensional BPS states rather than the five-dimensional BPS states. Indeed, those states with r = 0 are exactly those introduced (or removed) under the 4d-5d lift as the kinematic factors for the center-of-mass of the D5 brane in the five-dimensional frame.
The multiplicative lift property is made clear from DMVV's analysis of the Hilbert space of the symmetric power CFTs, from which all these formulas follow by simply taking traces. In fact, the arguments work equally well if we only consider the subspace of the Hilbert space given by Ramond ground states on the right, so that we may also take the traces that define the symmetrized Hodge polynomial or Hodge-elliptic genus of K3 and derive the following formulas:
where now we have the coefficients of the Hodge-elliptic genus
Here, we have implicitly defined our four-variable counting function
as given by a multiplicative lift in terms of the Fourier coefficients c(n, ℓ, m) of Z HEG (K3). As in the DMVV argument that gave rise to the definition of Φ 10 , the index set in the product representation for Φ requires some care. The correct index set over which we take the product is over all r, s ≥ 0 and all t, v except that if r = s = 0, we restrict to t < 0. We see that Φ is simply related to Φ 10 when u = 1 and φ KKP when q → 0. To relate these symmetric power sigma-models back to the D-brane BPS state counts, we have only to note that the extra U(1) charge we wish to turn on in the BPS state count is precisely the same as that which we turn on in the Hodgeelliptic genus. Then the five-dimensional refined BPS state count is precisely given by the formula above for the multiplicative lift of the Hodge-elliptic genus. For completeness, we also note the four-dimensional count of BPS states, as differing by the r = 0 modes: denoting c n,ℓ,m,r the number of four-dimensional 1/4-BPS multiplets with charges labelled as before and spin r, we have
Technically speaking, the above product representation for Φ only converges in one chamber of moduli space and must be analytically continued elsewhere as a meromorphic function. The BPS state counts as extracted from a contour integral procedure will hence jump as the contours cross over poles and a wallcrossing analysis will ensue. Close to the point of definition, however, the above formula holds on the nose and gives the precise refined BPS counting function.
Here, we see explicitly that in the 5d state count, the new variable parametrizes hair which is small compared to the charges visible in supergravity. The factor of φ KKP in the numerator causes the powers of u to be strictly bounded in terms of the powers of p: in no term that occurs in the expansion of the five-dimensional count does the exponent of u exceed that of p, irrespective of the exponents of q or y. This fact is clear from the original definition of the Hodge-elliptic genus but also is necessary for this count of spinning black holes to be physically meaningful. Indeed, in order to refine this count by extra hair such as this new U(1) charge, standard supergravity literature informs us this hair must be microscopic, i.e. not visible at the semiclassical level; the BPS black holes in supergravity have |J 1 | = |J 2 |. The 4d counting formula, where the automorphic correction factor in the numerator of the 5d formula vanishes, doesn't limit the powers of u in the same way; this should likely be interpreted as counting of additional multicenter or small black hole states with large angular momentum in the 4d picture.
The IIA frame
Adding a circle and T-dualizing the D1-D5 system in type IIB, or starting from M-theory and compactifying along the M-theory circle, allows us to consider this system as a D0-D2-D6 brane configuration in IIA string theory. The corresponding state counts have well-established mathematical interpretations as (weighted) Euler characteristics of the relevant moduli spaces. Typically we could also interpret these invariants in terms of the topological string, but unfortunately the refinement we conduct in this paper does not yet have a mathematical interpretation in the topological string: motivic Gromov-Witten invariants are yet to be defined. As such, we phrase the mathematically formulated versions of our conjectures in terms of motivic Donaldson-Thomas invariants to retain at least some degree of mathematical precision. We defer full precision and some checks to later work.
We first review the ordinary Donaldson-Thomas invariants of K3 × T 2 as discussed in [21, 39] . Here, for X the Calabi-Yau threefold given as a product of some K3 surface S with an elliptic curve E, we first consider the Hilbert scheme of subschemes of X with fixed numerical invariants as follows:
where β ∈ H 2 (X; Z) is a curve class in S, Z is a subscheme of X, and [Z] represents its underlying class in homology. Note that X has a natural E-action by translation; this action is inherited by Hilb β,n (X) and so taking a (weighted) Euler characteristic directly would vanish, corresponding to the extra supersymmetry physically. Eliminating the superfluous fermionic zero-modes corresponds mathematically to instead taking the weighted Euler characteristic of the quotient of this Hilbert scheme by the E-action, and we have the reduced Donaldson-Thomas invariants DT β,n (X) =
where ν is the usual Behrend function and we integrate with respect to Euler characteristic. We now conjecture that we may define DT h,d,n (X) as DT β+dE,n (X) where β is a (primitive) class satisfying β 2 = 2h − 2; Bryan [21] argues for this invariance using deformation-invariance, sketching a proof using the machinery of shifted symplectic structures. Assembling these invariants into a generating function as
we in fact have the mathematical conjecture
In these terms, it is clear how to extend to a motivic version, modulo some natural conjectures. First, we note following [40, 41] that the Hilbert scheme used to define Donaldson-Thomas invariants has a motivic incarnation
the Grothendieck ring of varieties with action by roots of unity as extended by inverting the Tate class. Unfortunately, a difficulty arises here when choosing orientation data, roughly corresponding to the choice of spin structure on the relevant moduli spaces of sheaves. In previous work along these lines such as in [13] , all relevant moduli spaces are conjecturally simply-connected and so there is a single choice for orientation datum. Here, we seem to have four choices, and it remains to explore their compatibility as we vary in moduli space. We make no further reference to pinning down this detail here, merely conjecturing that there exists some consistent choice such that the following conjectures hold.
We now further conjecture a canonical quotient by the E-action by translation, i.e. we conjecture a natural reduced motivic Donaldson-Thomas invariant related to the above via DT for Φ the multiplicative lift of Z HEG (K3) as above.
In §3, we saw that the natural field theory definition of the Hodge-elliptic genus has 'jumps' at points in moduli space with enhanced chiral algebra (while admitting a 'generic' answer that is constant away from such points). This implies a similar jumping phenomenon for the motivic Donaldson-Thomas invariants, which has been seen explicitly in computations on non-commutative Calabi-Yau threefolds [42] . In particular, varying in the complex or Kähler moduli space should correspond to varying the algebraic structure or the stability structure on the derived category, which may a priori lead to different motivic DonaldsonThomas counts. Our conjecture implies that the jumping behavior of these refined curve counts should match precisely to where the conformal field theory enjoys extra currents as we vary in the K3 σ-model moduli space. Following [38] , the computation Z HEG for a generic K3 σ-model is now known following certain natural assumptions, and so lifting this function should give the motivic DonaldsonThomas invariants for generic complex and Kähler parameters. The four-variable function Φ we give earlier is for a generic K3 surface of Kummer type, and so we expect the corresponding lift to give the motivic Donaldson-Thomas invariants (with the correct choice of orientation datum) for precisely these surfaces.
